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Abstract
We study deformed supersymmetries in N = 2 super Yang-Mills theory in the
Ω-backgrounds characterized by two complex parameters ǫ1, ǫ2. When one of the
ǫ-parameters vanishes, the theory has extended supersymmetries. We compute the
central charge of the algebra and obtain the deformed BPS monopole equation. We
examine supersymmetries preserved by the equation.
1 Introduction
The Ω-background deformation of N = 2 supersymmetric gauge theories is a useful
method to regularize the integrals over the moduli space of instantons [1, 2, 3]. This
background is characterized by two anti-symmetric matrices Ωmn and Ω¯mn parametrized
by two complex numbers ǫ1, ǫ2 and their complex conjugates. The Ω-background induces
the U(1)2 vector fields on R4. This torus action is used to define the supercharge, which is
shown to be equivariantly nilpotent by introducing the Wilson line gauge fields. Using the
localization theorem [2], the regularized integral (the instanton partition function) leads to
the Seiberg-Witten (SW) prepotential [4] in the limit ǫ1, ǫ2 → 0. In superstring theory the
Ω-background is realized as a certain N = 2 supergravity background [5, 6, 7, 8, 9, 10, 11].
Recently it has been pointed out that there is a relation between two-dimensional
integrable systems and gauge theories in the Ω-background where one of the ǫ-parameters
vanishes [12, 13, 14, 15, 16]. The theory in this Ω-background has two dimensional
N = 2 super-Poincare´ invariance. In particular it was shown that the instanton partition
function in the limit ǫ2 → 0 with ǫ1 = ~ is obtained by the deformation of the SW
theory [17, 18, 19, 20]. The period integrals of the SW differential are obtained by solving
the quantized Toda spectral curve equations, which are evaluated by the exact Bohr-
Sommerfeld integrals.
The purpose of this paper is to study the deformed SW theory from a field theoretical
point of view. The sum of the period integrals of the SW differential is the central charge
of N = 2 supersymmetry algebra [21]. We will study the deformed supersymmetry
algebra in the Ω-background and calculate the central charge. Such deformations of the
central charge have been known for non(anti)-commutative field theories [22, 23]. The
Ω-background deformation of the central charge would give ~-corrections to the BPS
spectrum, with which one can compare the Ω-deformation to the period integral. In this
paper we will derive the deformed BPS monopole equation in the Ω-background.
The organization of this paper is as follows. In section 2, we introduce the four-
dimensional N = 2 super Yang-Mills theory in the Ω-background and discuss the de-
formed supersymmetry. In section 3, we calculate the central charges of the supersymme-
try algebra and derive the monopole equation in the Ω-background by the Bogomol’nyi
1
completion of the energy density. We also discuss the supersymmetries preserved by the
BPS equation. Section 4 is devoted to conclusions and discussion.
2 Supersymmetries of Ω-deformed N = 2 super Yang-
Mills theory
In this section we discuss the deformation of N = 2 U(N) super Yang-Mills theory in
the Ω-background [2, 3, 24, 25]. We will define the theory in spacetime with Euclidean
signature. The theory contains a gauge field Am (m = 1, 2, 3, 4), Weyl fermions Λ
I
α, Λ¯
I
α˙,
and complex scalars ϕ, ϕ¯. They belong to the adjoint representation of U(N) gauge
group. The SO(4) = SU(2)L× SU(2)R Lorentz spinor indices are denoted as α, α˙ = 1, 2
while I = 1, 2 indicates the SU(2)I R-symmetry index. These SU(2) indices are raised
and lowered by the antisymmetric ǫ-symbol with ǫ12 = −ǫ12 = 1. We expand the fields
with U(N) basis T u (u = 1, 2, . . . , N2) normalized by Tr(T uT v) = κδuv with a certain
constant κ. The Lagrangian of the theory in the flat spacetime is given by
L0 = 1
κ
Tr
[
1
4
FmnF
mn − iθg
2
32π2
FmnF˜
mn + ΛIσmDmΛ¯I +DmϕD
mϕ¯
− i g√
2
ΛI [ϕ¯,ΛI ] + i
g√
2
Λ¯I [ϕ, Λ¯
I ] +
g2
2
[ϕ, ϕ¯]2
]
, (2.1)
where Fmn = ∂mAn−∂nAm+ig[Am, An] is the gauge field strength, g is the gauge coupling
constant and Dm = ∂m + ig[Am, ∗] is the gauge covariant derivative. We also define the
Dirac matrices σm = (iτ
1, iτ 2, iτ 3, 1) and σ¯m = (−iτ 1,−iτ 2,−iτ 3, 1), where τ c (c = 1, 2, 3)
are the Pauli matrices. The constant θ is the theta-angle and F˜mn =
1
2
ǫmnpqF
pq is the
dual of Fmn.
The four-dimensional N = 2 super Yang-Mills theory in the Ω background is obtained
by the dimensional reduction of the six-dimensional N = 1 super Yang-Mills theory with
the non-trivial metric [24]. We also introduce the R-symmetry Wilson line by gauging
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the SU(2)I R-symmetry. The Lagrangian of the four-dimensional theory is given by
LΩ =
1
κ
Tr
[
1
4
FmnF
mn − iθg
2
32π2
FmnF˜
mn + (Dmϕ− gFmnΩn)(Dmϕ¯− gFmpΩ¯p)
+ ΛIσmDmΛ¯I − i√
2
gΛI [ϕ¯,ΛI ] +
i√
2
gΛ¯I [ϕ, Λ¯
I ]
+
1√
2
gΩ¯mΛIDmΛI − 1
2
√
2
gΩ¯mnΛIσmnΛI
− 1√
2
gΩmΛ¯IDmΛ¯
I +
1
2
√
2
gΩmnΛ¯I σ¯mnΛ¯
I
+
g2
2
(
[ϕ, ϕ¯] + iΩmDmϕ¯− iΩ¯mDmϕ+ igΩ¯mΩnFmn
)2
− 1√
2
gA¯JIΛIΛJ − 1√
2
gAJIΛ¯IΛ¯J
]
, (2.2)
where the Lorentz generators σmn and σ¯mn are defined by
(σmn)α
β =
1
4
(
σmαα˙σ¯
nα˙β − σnαα˙σ¯mα˙β
)
, (σ¯mn)α˙β˙ =
1
4
(
σ¯mα˙ασn
αβ˙
− σ¯nα˙ασm
αβ˙
)
. (2.3)
The R-symmetry Wilson line gauge fields AIJ , A¯IJ are constant, Ωm = Ωmnxn, Ω¯m =
Ω¯mnxn and the Ω-background is parametrized as follows:
Ωmn =
1
2
√
2


0 iǫ1 0 0
−iǫ1 0 0 0
0 0 0 −iǫ2
0 0 iǫ2 0

 , Ω¯mn = 12√2


0 −iǫ¯1 0 0
iǫ¯1 0 0 0
0 0 0 iǫ¯2
0 0 −iǫ¯2 0

 . (2.4)
Here ǫ1 and ǫ2 are complex numbers and ǫ¯1 and ǫ¯2 are their complex conjugates.
The undeformed theory defined by (2.1) has N = 2 supersymmetry. The supersym-
metry algebra is given by
{QαI , Q¯β˙J} = 2 (σm)αβ˙ PmδIJ ,
{QαI , QβJ} = −2
√
2ǫIJǫαβZ,
{Q¯α˙I , Q¯β˙J} = −2
√
2ǫIJǫα˙β˙Z¯,
(2.5)
where QIα and Q¯
α˙
I are supercharges, P
m is the four-momentum and Z is the central charge.
The supersymmetry algebra leads to the BPS inequality for mass M :
M ≥
√
2|Z|. (2.6)
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Here the equality holds for the BPS saturated states.
It is convenient to use the topological twist [26], which is defined by identifying the
SU(2)I R-symmetry indices I with the SU(2)R spinor indices α˙. The twisted supercharges
are introduced by
Qm = σ¯
Iα
m QαI , Q¯ = δ
α˙
I Q¯
I
α˙, Q¯mn = −(σ¯mn)α˙IQ¯Iα˙. (2.7)
The supersymmetry algebra (2.5) becomes
{Qm, Q¯} = 2Pm, {Qm, Q¯pq} = (δnqδmp − δnpδmq − εmnpq)Pn,
{Q¯, Q¯} = 4
√
2Z¯, {Qm, Qn} = −4
√
2δmnZ,
{Q¯mn, Q¯} = 0, {Q¯mn, Q¯pq} =
√
2
4
(δmpδnq − δmqδnp − εmnpq) Z¯.
(2.8)
For general Ω-background, where ǫ1 and ǫ2 are generic, the action defined by (2.2) has
one scalar supersymmetry Q¯ [2, 25] by choosing the R-symmetry Wilson line gauge fields
such as
AIJ = −1
2
Ωmn(σ¯
mn)IJ , A¯IJ = −1
2
Ω¯mn(σ¯
mn)IJ . (2.9)
If the Ω-background and the Wilson line satisfy special conditions, the theory has further
extended supersymmetries.
It is known that if the Ω-background are self-dual ǫ1+ǫ2 = 0 or anti-self-dual ǫ1−ǫ2 = 0
and there are no Wilson lines, the theory has N = (4, 0) or N = (0, 4) supersymmetries1
[27]. The deformed supersymmetry transformations are given by
δAm =−
(
ξIσmΛ¯I + ξ¯I σ¯mΛ
I
)
,
δΛI =σmnξIFmn +
√
2σmξ¯IDmϕ+ igξ
I [ϕ, ϕ¯]
−
√
2gFmnΩ
nσmξ¯I + gξI
(
Ω¯mDmϕ− ΩmDmϕ¯
)
+ g2ΩmΩ¯nFmnξ
I ,
δΛ¯I =σ¯
mnξ¯IFmn −
√
2σ¯mξIDmϕ¯− igξ¯I [ϕ, ϕ¯]
−
√
2gFmnΩ¯
nξIσ
m − gξ¯I
(
Ω¯mDmϕ− ΩmDmϕ¯
)
+ g2Ω¯mΩnFmnξ¯I ,
δϕ =
√
2ξIΛI − gΩm
(
ξIσmΛ¯I + ξ¯I σ¯mΛ
I
)
,
δϕ¯ =
√
2ξ¯IΛ¯I − gΩ¯m
(
ξIσmΛ¯I + ξ¯I σ¯mΛ
I
)
.
(2.10)
1We denote N = (p, q) by supersymmetry with p chiral and q anti-chiral supercharges.
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Here, we have set ξI = 0 for the self-dual and ξ¯I = 0 for the anti-self-dual Ω-background.
We note that in these cases, there are no translational symmetries and only the chiral- or
anti-chiral- sector of the supersymmetry remains.
We now discuss supersymmetries of the theory with the Wilson line (2.9) in the cases
that one of the deformation parameters ǫ1, ǫ2 is zero. In these cases, the translational
invariance in the (1, 2)-plane or the (3, 4)-plane is restored.
As we have mentioned before, at least one supersymmetry Q¯ corresponding to the
transformation with ξ¯ = δα˙I ξ¯
I
α˙ in (2.10) is conserved. We examine invariance of the action
under other transformations generated by supercharges Q¯mn and Qm associated with the
deformed supersymmetry transformations (2.10). We find that the action is not invariant
by the transformation generated by Q¯mn. The variation of the Lagrangian under the
transformation generated by Qm is
δξmL = ξm
(
Ω¯+mn + Ω¯−mn
){√
2gδnpF
+pqΛq − 1√
2
ig2 [ϕ, ϕ¯] Λn
+
1√
2
g2Λn
(
ΩpDpϕ¯− Ω¯pDpϕ
)− 1√
2
g3ΩpΩ¯qFpqΛn
}
+ ξm
(
Ω+mn + Ω−mn
) {
g (Dpϕ)
(
2Λ¯−np + δnpΛ¯
)
+ g2Ω¯q
(
2FpqΛ¯
−
pn + FnqΛ¯
)}
, (2.11)
where Λm, Λ¯mn, Λ¯ are the fermions obtained by the twist (2.7). The (anti-)self-dual part
of an antisymmetric tensor Amn is defined by A
±
mn =
1
2
(Amn ± A˜mn).
From (2.11), we find that the variation by the Qm-transformation vanishes under the
conditions:
ξm
(
Ω+mn + Ω−mn
)
= 0, ξm
(
Ω¯+mn + Ω¯−mn
)
= 0. (2.12)
When ǫ2 = 0, these conditions are satisfied for ξ
m = (0, 0, ξ3, ξ4) . Therefore for ǫ2 =
0, N = (0, 1) supersymmetry is enhanced to N = (2, 1) generated by supercharges
Q3, Q4, Q¯. When ǫ1 = 0, these conditions are satisfied for ξ
m = (ξ1, ξ2, 0, 0) . Therefore for
ǫ1 = 0, the theory has N = (2, 1) supersymmetry generated by supercharges Q1, Q2, Q¯.
We note that when we exchange Ωmn with Ω¯mn in the definition of the Wilson line
(2.9), we find that certain linear combination of Q¯mn is conserved. In this case, the Wilson
line becomes
AIJ = −1
2
Ω¯mn(σ¯
mn)IJ , A¯IJ = −1
2
Ωmn(σ¯
mn)IJ . (2.13)
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We find that the action is no longer invariant by the transformation generated by Q¯. The
variations of the Lagrangian by Qm and Q¯mn become
δξmL = ξm
(
Ω¯+mn + Ω−mn
){√
2gδnpF
+pqΛq − 1√
2
ig2 [ϕ, ϕ¯] Λn
+
1√
2
g2Λn
(
ΩpDpϕ¯− Ω¯pDpϕ
)− 1√
2
g3ΩpΩ¯qFpqΛn
}
+ ξm
(
Ω+mn + Ω¯−mn
) {
g (Dpϕ)
(
2Λ¯−np + δnpΛ¯
)
+ g2Ω¯q
(
2FpqΛ¯
−
pn + FnqΛ¯
)}
, (2.14)
δξ¯mnL = ξ¯mn
(
Ω−pm + Ω¯−pm
) 1√
2
g
{
2F−qpΛ¯
−
nq − F−npΛ¯ + igΛ¯pn [ϕ, ϕ¯]
+ g
(
ΩqDqϕ¯− Ω¯qDqϕ
)
Λ¯−np + g
2Ω¯lΩqFlqΛ¯
−
np − 2
√
2gΩqFpqΛn + 2
√
2DpϕΛn
}
+ ξ¯mnΩ
−mn
(
1√
2
gF−pqΛ¯
−pq + g (Dpϕ) Λp
)
+ ξ¯mng
2Ω−mnFpqΩ
pΛq
+ ξ¯mn
(
Ω−mn − Ω¯−mn) 1
2
√
2
g2
{−i [ϕ, ϕ¯] Λ¯ + (ΩpDpϕ¯− Ω¯pDpϕ) Λ¯ + gΩ¯pΩqFpqΛ¯} .
(2.15)
These vanish for
ξ¯mn
(
Ω−pm + Ω¯
−
pm
)
= 0, ξ¯mnΩ−mn = 0,
ξm
(
Ω¯−mn + Ω
+
mn
)
= 0, ξm
(
Ω−mn + Ω¯
+
mn
)
= 0.
(2.16)
When ǫ2 = 0, these conditions are satisfied for real ǫ1, ξ
m = (ξ1, ξ2, 0, 0) and
ξ¯mn =


0 0 ξ¯13 ξ¯14
0 0 −ξ¯14 ξ¯13
−ξ¯13 ξ¯14 0 0
−ξ¯14 −ξ¯13 0 0

 . (2.17)
Therefore for ǫ2 = 0, the theory has N = (2, 2) supersymmetry generated by super-
charges Q1, Q2, Q¯13, Q¯14. When ǫ1 = 0, these conditions are satisfied for real ǫ2,
ξm = (0, 0, ξ3, ξ4), and ξ¯mn given by (2.17). Therefore for ǫ1 = 0, the theory has N = (2, 2)
supersymmetry and the supercharges Q3, Q4, Q¯13, Q¯14 are conserved.
The conserved supercharges are summarized in table 1. In all cases, the theory has
supersymmetries including both the chiral- and anti-chiral-sectors. So far we have iden-
tified the SU(2)I R-symmetry indices with the SU(2)R spinor indices. When we identify
them with the SU(2)L spinor indices α and replace σ¯
mn in the Wilson lines by σmn, the
theory has N = (1, 2) or N = (2, 2) supersymmetry.
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ǫ1 6= 0, ǫ2 = 0 ǫ1 = 0, ǫ2 6= 0
Wilson line (2.9) Q3, Q4, Q¯ Q1, Q2, Q¯
Wilson line (2.13) Q1, Q2, Q¯13, Q¯14 Q3, Q4, Q¯13, Q¯14
Table 1: Classification of conserved supercharges.
3 Central charges and BPS monopole equation
In this section, we will derive the Noether currents and evaluate the central charge of
the algebra. We will obtain the BPS monopole equation and classify supersymmetries
preserved by the equation, which depend on the Ω-background and the SU(2)I Wilson
line. From the deformed supersymmetry transformations (2.10), we can calculate the
Noether currents JmIα and J¯
mα˙
I associated with them. We find
JmIα =
1
κ
Tr
[√
2 (Dmϕ¯) ΛIα +
{
−ig [ϕ, ϕ¯] δmn − Fmn +
(
iθg2
8π2
+ 1
)
F˜mn
}
σnαα˙Λ¯I
α˙
− 2
√
2 (Dnϕ¯) σ
mn
α
βΛIβ − g
(
ϕΩ¯m − ϕ¯Ωm)σnαα˙DnΛ¯I α˙ − g (ϕΩ¯mn − ϕ¯Ωmn) σnαα˙Λ¯I α˙
+ g
(
ϕΩ¯n − ϕ¯Ωn
)
σmαα˙D
nΛ¯I
α˙ − g (ΩmDnϕ¯+ Ω¯mDnϕ) σnαα˙Λ¯I α˙
−
√
2gFmnΩ¯
nΛIα − i
√
2g2Ω¯m [ϕ, ϕ¯] ΛIα +
√
2g2Ω¯m
(
ΩnDnϕ¯− Ω¯nDnϕ
)
ΛIα
+ 2
√
2gFnpΩ¯
pσmnα
βΛIβ +
√
2gFnpΩ¯
mσnpα
βΛIβ
+ 2g2FnpΩ
mΩ¯pσnαα˙Λ¯I
α˙ − g2Ω¯pΩnFnpσmαα˙Λ¯I α˙ +
√
2g3Ω¯mΩ¯nΩpFnpΛIα
]
. (3.1)
The complex conjugate J¯ α˙mI may be calculated in a similar way. The anti-commutation re-
lations of the supercharges, which are defined by the spatial integration of J4Iα is evaluated
by using canonical anti-commutation relations of the fermions, which is given by
{
Λ¯I
α˙(~x, x4),ΛJα(~x′, x4)
}
= δI
J σ¯4α˙αδ3(~x− ~x′). (3.2)
We then obtain [21]
{QIα, QJβ} = −2
√
2ǫαβǫIJZ, (3.3)
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where Z is the deformed central charge:
Z =
∫
d3x
1
κ
Tr
[
ig (D4ϕ¯) [ϕ, ϕ¯] + (D
nϕ¯)
{
F4n −
(
iθg2
8π2
+ 1
)
F˜4n
}
+ g (D4ϕ¯)
(
Ω¯nDnϕ− ΩnDnϕ¯
)
+ g
{
−ig [ϕ, ϕ¯] δ4n − F4n +
(
iθg2
8π2
+ 1
)
F˜4n
}
FnpΩ¯
p
+ g2 (D4ϕ¯) Ω¯
pΩnFnp − g2
(
Ω¯nDnϕ− ΩnDnϕ¯
)
F4pΩ¯
p − g3F4nΩ¯nΩ¯pΩqFqp
]
. (3.4)
The complex conjugate Z¯ can be calculated in a similar way. In this paper, we focus
on the magnetic monopole configuration such that the fields that depend on the three-
dimensional space spanned by (x1, x2, x3) and are independent of x4. The scalar field is
taken to be in the Cartan subalgebra so that [ϕ, ϕ¯] = 0 and we fix the gauge A4 = 0 so
that the electric field F4i vanishes. We find that Z for the monopole configuration is given
by,
Z = −
(
iθg2
8π2
+ 1
)
1
κ
∫
d3x ∂iTr[Biϕ], (3.5)
where we have defined the magnetic field Bi =
1
2
ǫijkF
jk. This is the same as the unde-
formed case. However, we will find that the monopole equation is deformed by the Ω-
background as discussed below. Then the central charge could depend on the ǫ-parameter.
To find the BPS equation corresponding to the monopole configuration, we perform the
Bogomol’nyi completion of the energy functional by combining the kinetic and potential
terms. In the monopole configuration, we obtain the energy
E =
1
κ
∫
d3x Tr
[
1
2
B2i + (Diϕ+ gΩ
jFji)(Diϕ¯+ gΩ¯kF
ki)
+
g2
2
(
[ϕ, ϕ¯] + iΩiDiϕ¯− iΩ¯iDiϕ− igΩiΩ¯jFij
)2]
, (3.6)
where we have taken θ = 0 for simplicity. The vacuum configurations of the theory are
given by
Diϕ = Diϕ¯ = 0, Ai = 0, [ϕ, ϕ¯] = 0. (3.7)
Hence, the Higgs field ϕ takes value in the Cartan subalgebra U(1)N and the vacuum mod-
uli space becomes U(N)/U(1)N ∼= SU(N)/U(1)N−1, which is the same as the undeformed
theory.
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To find the energy bound, we use the phase transformation of ϕ and Ω to set those to
the values which are consistent with the first equation in (2.16):
ϕ = −ϕ¯, Ωmn = −Ω¯mn. (3.8)
Then the third term in (3.6) vanishes and the energy is rewritten in the perfect square
form,
E =
1
κ
∫
d3x Tr
[
1
2
(
Bi ± (Diφ+ gΩˆjFji)
)2]
∓ 1
κ
∫
d3x ∂iTr [Biφ]
≥ ∓1
κ
∫
d3x ∂iTr [Biφ] , (3.9)
where we have defined φ = i
√
2ϕ, Ωˆij = i
√
2Ωij and Ωˆi = Ωˆinxn. The energy bound is
saturated if the following deformed BPS equation is satisfied:
Bi ± (Diφ+ gΩˆjFji) = 0. (3.10)
From (3.9), we find that the energy at the lower bound is the same as the central charges
(3.5) derived from the supersymmetry algebra.
When ǫ1 6= 0 and ǫ2 = 0, the BPS equation is deformed by ǫ1 and its solutions depend
on the parameter ǫ1. On the other hand, when ǫ1 = 0 and ǫ2 6= 0, the BPS equation
depends on x4 since the third term in the equation (3.10) contains x4. In this case, we
can consider the monopole configuration which depends on (x2, x3, x4) and is independent
of x1, which gives the similar deformed BPS equation.
In the following, we will investigate supersymmetries that are preserved by the BPS
state. Substituting the BPS equation (3.10) into the supersymmetry transformations of
the fermions in (2.10), we obtain the condition on the supersymmetry parameters that
are preserved by the BPS configurations:
± i(σ¯mn)I β˙εβ˙αξ¯mn ± iεIα˙ξ¯ + ξm(σm)αJεIJ = 0, (α = α˙ = 1, 2). (3.11)
As we have discussed in section 2, only part of the ξm, ξ¯, ξ¯mn symmetries exist in the
theory in the Ω-background. We will examine the condition (3.11) for the cases where
Ωmn is (anti-)self-dual or one of the ǫ-parameters is zero.
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When Ωmn and Ω¯mn are (anti-)self-dual, the action is invariant under ξαI (anti-self-
dual case) or ξ¯α˙I (self-dual case) transformations. In both cases, we find that all the
supersymmetry is broken by the BPS conditions (3.11).
On the other hand, when Ωmn and Ω¯mn are not (anti-)self-dual, the action is invariant
under the ξ¯ transformation if one considers the Wilson line (2.9). The condition (3.11)
implies that the ξ¯-supersymmetry is broken and the BPS configuration does not preserve
any supersymmetries.
In the cases that one of the ǫ-parameters vanishes, the supersymmetries that are
preserved by the BPS condition are classified as follows:
(i) ǫ1 6= 0, ǫ2 = 0 and Wilson line (2.9)
In this case, the action is invariant under the ξ¯, ξ3, ξ4 supersymmetries and there are
translational symmetries in the (3,4)-plane. The BPS condition (3.11) becomes(
0 iξ3 − iξ4 ± iξ¯
iξ3 + iξ4 ∓ iξ¯ 0
)
= 0, (3.12)
where we have written the condition as the 2 × 2 matrix form with respect to the
spinor and R-symmetry indices. Therefore the BPS state preserves one supersym-
metry specified by a linear combination of Q4 and Q¯.
(ii) ǫ1 = 0, ǫ2 6= 0 and Wilson line (2.9)
In this case, the action is invariant under the ξ¯, ξ1, ξ2 supersymmetries and the
translational symmetry in the (1,2)-plane. The BPS condition (3.11) becomes(
−iξ1 − ξ2 ±iξ¯
∓iξ¯ iξ1 − iξ2
)
= 0. (3.13)
This condition implies that ξ3 = ξ4 = ξ¯ = 0. Therefore the BPS state does not
preserve any supersymmetries.
(iii) ǫ1 6= 0, ǫ2 = 0 and Wilson line (2.13)
In this case, the action is invariant under the ξ1, ξ2, ξ¯13, ξ¯14 supersymmetries and the
translational symmetry in the (3,4)-plane. The BPS condition (3.11) becomes(
±iξ¯13 ∓ ξ¯14 − iξ1 − ξ2 0
0 ±iξ¯13 ± ξ¯14 + iξ1 − ξ2
)
= 0. (3.14)
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ǫ1 6= 0, ǫ2 = 0 ǫ1 = 0, ǫ2 6= 0
Wilson line (2.9) iQ4 ∓ iQ¯ no supercharge
Wilson line (2.13) ±iQ¯13 −Q2, ∓iQ¯14 +Q1 no supercharge
Table 2: Supercharges preserved by the BPS state.
This implies the conditions,
± iξ¯13 − ξ2 = 0, ∓iξ¯14 + ξ1 = 0. (3.15)
Therefore the BPS state preserves two supersymmetries specified by linear combi-
nations of Q2, Q¯13 and Q1, Q¯14.
(iv) ǫ1 = 0, ǫ2 6= 0 and Wilson line (2.13)
In this case the action is invariant under the ξ¯13, ξ¯14, ξ3, ξ4 supersymmetries and the
translational symmetry in the (1,2)-plane. The BPS condition (3.11) becomes(
±iξ¯13 ∓ ξ¯14 iξ3 − iξ4
iξ3 + iξ4 ±iξ¯13 ± ξ¯14
)
= 0. (3.16)
This condition implies ξ¯13 = ξ¯14 = ξ3 = ξ4 = 0. Thus the BPS state does not
preserve any supersymmetries.
The supercharges that are preserved by the BPS condition are summarized in Table 2.
4 Conclusions and discussion
In this paper, we have studied the deformed supersymmetries of N = 2 super Yang-Mills
theories in the Ω-background and the Wilson lines. For general Ω-background, there is one
scalar supersymmetry. When one of the ǫ-parameters is zero, we have found the theories
with N = (2, 1) or (2, 2) or (1, 2) supersymmetry by choosing the appropriate Wilson line
gauge fields. We have also calculated the central charge of the deformed supersymmetry
algebra. For the monopole configurations the formula for the central charge does not
contain the ǫ-parameter. We have performed the Bogomol’nyi completion of the energy
density and obtained the deformed BPS monopole equation. We have examined the
supersymmetries preserved by the monopole equation.
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The central charge for the monopole could receive ǫ-corrections through the deformed
BPS monopole solution, where this situation occurs for ǫ2 = 0. In this case, the deformed
BPS equation has the axial symmetry around the z-axis. We may use Manton’s ansatz
[28] for the fields:
Aai =
{
η1ρˆ
a +
(
η2 +
1
gρ
)
zˆa
}
ϕˆi +W1ρˆ
iϕˆa +W2zˆ
iϕˆa,
φa = φ1ρˆ
a + φ2zˆ
a,
(4.1)
where (ρ, ϕ, z) are the cylindrical coordinates. ηα, Wα and φα (α = 1, 2) are functions of
(ρ, z) and
ρˆ = (cosϕ, sinϕ, 0), ϕˆ = (− sinϕ, cosϕ, 0), zˆ = (0, 0, 1). (4.2)
Here we have considered the SU(2) gauge group for simplicity and the superscript a
denotes the SU(2) index. Substituting (4.1) into the deformed BPS equation (3.10), we
obtain
− ∂3η1 + gη2W2 = 1
1 + g2ǫ2ρ2
{
∂ρφ1 − gW1φ2 + gǫρ(∂3φ1 − gW2φ2)
}
,
− ∂3η2 − gη1W2 = 1
1 + g2ǫ2ρ2
{
∂ρφ2 + gW1φ1 + gǫρ(∂3φ2 + gW2φ1)
}
,
∂ρη1 +
η1
ρ
− gW1η2 = 1
1 + g2ǫ2ρ2
{
∂3φ1 − gW2φ2 − gǫρ(∂ρφ1 − gW1φ2)
}
,
∂ρη2 +
η2
ρ
+ gW1η1 =
1
1 + g2ǫ2ρ2
{
∂3φ2 + gW2φ1 − gǫρ(∂ρφ2 + gW1φ1)
}
,
∂ρW2 − ∂3W1 = −gη1φ2 + gη2φ1,
(4.3)
where ǫ = −1
2
Reǫ1 and we have chosen the minus sign in the BPS equation. These
equations are invariant under the gauge transformations [29]
W ′1 =W1 +
1
g
∂ρΛ, W
′
2 =W2 +
1
g
∂3Λ,
φ′1 = cosΛφ1 + sinΛφ2, φ
′
2 = cosΛφ2 − sin Λφ1, (4.4)
η′1 = cos Λη1 + sinΛη2, η
′
2 = cosΛη2 − sin Λη1,
where Λ is a function of (ρ, z). There are five differential equations for the six unknown
functions, which have one gauge degree of freedom. For ǫ = 0, the solution for (4.3)
has been found in [30, 31]. It is an interesting problem to find solutions to the deformed
12
equation by perturbations around the exact solution and calculate the ǫ-corrections to the
central charges. It would also be interesting to study the Nahm construction of monopoles
[32] and other BPS solitons such as vortices and domain walls. These subjects will be
discussed elsewhere.
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